The influence of impurities on envelope waves in a driven nonlinear pendulum chain is investigated under a continuum-limit approximation. The impurities studied here are a single defect in pendulum length, that is, one of the pendulums has a slight longer or shorter length than the other pendulums in the chain. Numerical results show that impurities exert a strong influence on localized envelop waves including breathers and phase-mismatched ͑nontopological͒ kinks, and also on nonlocalized envelop waves including periodic waves and spatiotemporal chaos. We find that a short defective pendulum at higher driving frequency exerts a similar influence on nonlinear waves as a long defective pendulum does at low driving frequency ͓N. V. Alexeeva et al., Phys. Rev. Lett. 84, 3053 ͑2000͔͒. They possess a clear symmetry and equality.
The influence of impurities on envelope waves in a driven nonlinear pendulum chain is investigated under a continuum-limit approximation. The impurities studied here are a single defect in pendulum length, that is, one of the pendulums has a slight longer or shorter length than the other pendulums in the chain. Numerical results show that impurities exert a strong influence on localized envelop waves including breathers and phase-mismatched ͑nontopological͒ kinks, and also on nonlocalized envelop waves including periodic waves and spatiotemporal chaos. We find that a short defective pendulum at higher driving frequency exerts a similar influence on nonlinear waves as a long defective pendulum does at low driving frequency ͓N. 
I. INTRODUCTION
In the past few years, there has been a large number of studies focused on nonlinear lattices in which a collection of oscillators are coupled to their neighbors harmonically or nonlinearly. [1] [2] [3] [4] The most widely used model for the discrete nonlinear chains is the Frenkel-Kontorova ͑FK͒ model, in which a chain of oscillators subjected to an external potential are diffusively coupled to their nearest neighbors. [5] [6] [7] [8] In a continuum limit approximation, the FK model can be reduced to the exactly integrable sine Gordon equation, which possesses nice properties and allows exact solutions describing different types of nonlinear waves and their interactions. The FK model with impurities first came into notice a decade ago. 9, 10 The impurities consist of the mass, the coupling coefficient, and the pendulum length of some lattice. The interaction between nonlinearity and impurity plays an important role in the studies of the FK model. However, the phenomena observed in the free FK model with impurities [9] [10] [11] cannot be observed for a long time due to the existence of damping. To study the long-time interaction between localized waves and an impurity, one should input the energy into the FK chain. One way to input the energy is via a Faraday resonance, in which the driving frequency 2 e is about double the intrinsic frequency of the system, . For a homogenous FK model driven by a sinusoidal wave at frequency 2 e , various kinds of localized waves with a robust stability were observed in experiments. 12, 13 In Ref. 14, the authors studied the effect of an impurity on a chain of pendulums coupled to their nearest neighbors and driven by a periodic torque. It is shown that the long pendulum-length impurity pulls the whole chain, where the other pendulums are in their chaotic parameter regime, out of chaos. Recently, Alexeeva et al. 15 showed that an impurity of a long pendulum length can pin the breather in a chain of pendulums coupled harmonically to their nearest neighbors and driven parametrically. They also found that a long pendulum is helpful in forming a stable breather, and that it stabilizes the system against spatiotemporal chaos. On the contrary, an impurity of the short pendulum-length repels the breather and enhances the instability of the system. In Ref. 15 , half of the driving frequency e is just below the edge of the continuous spectrum of the linear waves, i.e., e 2 ϭ 2 (1Ϫ⑀ 2 ), with ⑀ being a small parameter. In this paper we will extend the half-driving frequency beyond the intrinsic one, i.e., e 2 ϭ 2 (1ϩ⑀ 2 ). Generally, there are two types of breathers and one type of nontopological kink observed in the driven nonlinear FK model:
12,13 the phase-matched breather, the phase-mismatched breather, and the phase-mismatched kink. In the phase-matched mode, each pendulum has no phase difference from its immediate neighbors. In the phase-mismatched mode, however, there is a phase difference between each pair of immediate neighbors. As a supplement of previous work 15 we will investigate the effects of impurities on the phase-mismatched breather and kink. One purpose of this paper is to understand how the impurities affect those nonlinear waves. Another purpose is to understand why a long impurity ͑longer pendulum͒ attracts a breather and a short one repels a breather. In Sec. II, we will outline the theoretical process from an original lattice equation to nonlinear Schrödinger ͑NLS͒ equations. In Sec. III, we will present our numerical calculation for the interactions between localized waves and the impurities. In Sec. IV, we will show the effects of the impurities on the nonlocalized waves including the periodic wave and the spatiotemporally chaotic waves. Finally, we will present a summary of this work and our conclusions in Sec. V.
II. THEORY FOR A DRIVEN NONLINEAR CHAIN WITH IMPURITIES
Let us begin with a FK chain consisting of 2Nϩ1 pendulums with a homogeneous mass m, but with an impurity in the pendulum length. The lengths of the pendulums are equal to l except l 0 l at the center of the chain, where l 0 is slightly longer or shorter than l. Each pendulum only interacts with its immediate neighbors in the form of harmonic and fourth order potentials. The chain is driven by a verti-cally sinusoidal wave at the frequency 2 e near to the double intrinsic frequency ϭͱg/l, g being the acceleration due to gravity. For such a chain with a pendulum-length impurity, the angle of the nth pendulum in the chain satisfies 
͑3͒
where ϭ⑀ 2 t, x n ϭ⑀n/ͱk 2 a. From Eqs. ͑2͒, ͑3͒, and ͑1͒, we finally obtain the parametrically driven damped NLS equations of the continuously differentiable function ⌿(x,):
ϭ0 for the phase-mismatched mode. ͑5͒
For simplicity, we set mϭ1, lϭ1, gϭ1, and then ϭͱg/lϭ1, without losing the generality. Furthermore, we assume k 4 ϭ1/48; then Eqs. ͑4͒ and ͑5͒ can be combined into
where the parameters p j ϭϮ1 for jϭd ͑diffusion͒, nl ͑non-linear͒, and l ͑linear͒. Their various combinations give all possible situations that can be observed in this physical system. Table I shows the combinations and their corresponding physical situations. For perfect chains (qϭ0), as is well known, Eq. ͑6͒ has soliton solutions. If p d p nl Ͼ0, Eq. ͑6͒ has breather solitons of the hyperbolic secant function, and if p d p nl Ͻ0, it will have kink solitons of the hyperbolic tangent function ͓correspond-ing to the phase-mismatched kink solution in Eq. ͑1͔͒. For some cases listed in Table I , of course, the soliton solutions are not stable ͑cases E and F͒.
III. INTERACTIONS BETWEEN SOLITONS AND IMPURITIES
What is the reason that the breather is attracted by the long impurity but repelled by the short one ͑see Ref. 15͒? What will happen for the phase-mismatched kink in a similar situation? We try to clear these in following discussions.
A. Breathers
Case A of Table I , was studied quite perfectly in Ref. 15 : a long impurity is helpful for forming or pinning a phasematched breather; the long impurity can tame the spatiotem- 
poral chaos to a localized wave; the short impurity plays an inverse role compared with the long impurity. As is shown in Table I , there are four types of breathers in our nonlinear FK chain. Are those conclusions in Case A also true in other cases listed in Table I? There is no difference between case E and case A except the driving frequency. It is slightly higher than double intrinsic frequency, e Ͼ in case E, while it is lower than that in case A. One can easily write out the breather solution of case E for a perfect chain (qϭ0 and p d ϭp nl ϭp l ϭϩ1),
where aϭͱ␥ cos 2Ϫ1, and sin 2ϭϪ ␣ ␥ , ͑8͒
with x 0 being an arbitrary constant. Unfortunately, as mentioned above, the breather solution of case E is not stable. So, we turn our attention to case B in Table I . For case B, p d ϭ p nl ϭϪ1 and p l ϭϩ1 ( e Ͼ). There is a ͑phase-mismatched͒ breather solution in Eq. ͑6͒ with q ϭ0, which was observed in experiment. 13 How do the impurities interact with the breather? Figure 1 shows the effects of the impurities on the phasemismatched breathers, where e Ͼ, then p l ϭϩ1. Obviously, results shown in Fig. 1 are just opposite to those of case A reported in Ref. 15 , where e Ͻ then p l ϭϪ1. We find that the short impurity in Case B also plays a similar role as the long impurity in case A. In other words, when we adjust the driving frequency a little higher ͑instead of lower in case A͒ than the double intrinsic frequency of the free perfect pendulum, the breather is attracted by the short impurity and repelled by the long one. To distinguish whether a long or a short impurity attracts a breather is closely related to whether the driven frequency is higher or lower than double intrinsic frequency of the free perfect pendulum. At a higher frequency the short defective pendulum benefits forming or pinning a breather centered at the defective pendulum. Conversely, at a lower frequency, the long defective pendulum supports forming or pinning a breather centered at itself.
There is a simple physical picture to explain the above results, based on the energy absorbing of the uncoupled pendulum. When the driving frequency is slightly higher than the double intrinsic frequency of the uncoupled perfect pendulum, the intrinsic frequency of the short defective pendulum is closer by half of driving frequency than others. This defective pendulum will absorb the energy from the driving system more than all the other perfect pendulums. Plotted in Fig. 2 is the relation between the mean kinetic energy of a single pendulum and its driving frequency. There is a peak ͑shade region͒ at ϳ e that corresponds to the parametrically resonant absorption. Therefore, it is undoubtable that for a chain of uncoupled pendulums the short defective pendulum driven at a higher frequency will oscillate more strongly than other perfect ones. For weak coupling, the energy will flow into its neighbors from the impurity pendulum, and make the envelope of the pendulums smooth. It is reasonable to believe that this short impurity will be a moving center of the envelope wave. For a breather, the moving center locates on the center of the wave form. That is why the short impurity can attract the breather. In contrast, when the impurity is a long defective pendulum, i.e., its intrinsic frequency is lower than the other perfect pendulums, it will move more weakly than the others at a higher driving frequency. This demonstrates the fact that the long defective pendulum repels the breather away from itself. In this physical picture case A studied in Ref. 15 can been also explained if we note e Ͻ (p l ϭϪ1).
B. Phase-mismatched "nontopological… kinks
As is well known, there are two sources of nonlinearity in our nonlinearly coupled FK chain. One of them comes from each individual pendulum, the same as in the sine Gordon model, and is called the sine nonlinearity ͓the right side of Eq. ͑1͔͒. Another is the coupling nonlinearity due to the quartic interaction between nearest neighbors. Compared with the sine nonlinerity, the coupling nonlinearity is too small to play a role in the phase-matched mode, and it contributes nothing in Eq. ͑4͒. There is only a breather solution in Eq. ͑4͒ because both coefficients of diffusion and nonlinearity have the same ͑positive͒ sign (p d p nl Ͼ0). However, in the phasemismatched mode the magnitude of the coupling nonlinearity becomes the same order as that of the sine nonlinearity. The sign of the nonlinearity term can be changed from positive to negative by increasing the coupling strength of the quartic interaction k 4 , meaning there exists both breather and kink solutions in the phase-mismatched mode. When p d p nl Ͻ0, Eq. ͑6͒ possesses kink solutions, or phase-mismatched ͑nontopological͒ kinks in Eq. ͑1͒. Both at higher (p l ϭϩ1, case C͒ and lower (p l ϭϪ1, case D͒ driving frequencies, the kink solutions with a strong stability have been observed in a perfect chain (qϭ0) experimentally. 12 Taking case C as an example, Eq. ͑6͒ with p d ϭϪ1, p nl ϭp l ϭϩ1 has a kink solution in the form ⌿͑x, ͒ϭae i tanh͓a͑xϪx 0 ͔͒, ͑9͒
where aϭͱ͑␥ cos 2Ϫ1 ͒/2, and sin 2ϭϪ ␣ ␥ , ͑10͒ with x 0 being an arbitrary constant. Although solution ͑9͒ of Eq. ͑6͒ is a kind of topological kink, the corresponding solution of the real physical systems ͓Eq. ͑1͔͒ is ͓ n ϭ (Ϫ1) n ⑀⌿(,x n )e Ϫit ϩc.c., nϭ0, Ϯ1, . . . ͔, which is not the well-known kink solution, but the phase-mismatched ͑nontopological͒ kink.
The interaction between the phase-mismatched kink and the impurity occurs as the impurity is introduced. First we consider case C, in which the driving frequency is slightly higher than double intrinsic frequency ( e Ͼ; then p l ϭ ϩ1). We observe that a long impurity attracts the phasemismatched kink ͓see Fig. 3͑a͔͒ . Of course, a short impurity plays an inverse role, and repels the phase-mismatched kink ͓see Fig. 3͑b͔͒ . On the other hand, when the frequency is slightly lower than double intrinsic one of a free perfect pendulum ͑case D͒, the results become inverse-that is, the long impurity drives the phase-mismatched kink away from itself, and the short one forces the phase-mismatched kink to draw nearly itself ͑see Fig. 4͒ .
Compared with the results of breathers, the interaction of phase-mismatched kinks with impurities stands on the opposite side ͑see rows A and C or rows B and D in Table I͒ . This is easy to understand if we consider the difference of wave forms between the breather and the phase-mismatched kink. The center of a phase-mismatched kink is always kept static, which is just opposite to a breather's center. A moving center is suitable as a center of the breather, but is by no means suitable as a kink's center. Therefore, the physical explana- FIG. 3 . The interactions between phase-mismatched kinks and impurities at a higher driven frequency ͑case C in Table I͒ . ͑a͒ A long impurity at the center of the chain attracts a phase-mismatched kink initially at x 0 ϭϪ4.0. ͑b͒ A short impurity at the center of the chain repels a phase-mismatched kink initially at xϭ0.5. The impurities are introduced at a time ϭ0. The parameters are ␣ ϭ0.45, and ␥ϭ1.5. Table I͒ . ͑a͒ A long impurity at the center of the chain repels a phase-mismatched kink initially at x 0 ϭ0.5. The parameters are ␣ϭ0.1 and ␥ϭ0.2. ͑b͒ A short impurity at the center of the chain attracts a phasemismatched kink initially at x 0 ϭϪ1.0. The impurities are introduced at time ϭ0. The parameters are ␣ϭ0.45 and ␥ϭ1.5.
tion for the interaction of breathers and impurities can be further extended to explain the interaction between phasemismatched kinks and impurities. At a higher driven frequency a long defective pendulum is forther from the resonance than the other normal pendulums, so that a long defective pendulum will oscillate with lower energy in the uncoupled situation. When pendulums are coupled, an envelope kink wave appears and is centered at a random location for a perfect chain without an impurity. For a chain with a long impurity, the defective pendulum oscillating weakly is the most suitable point as the center of the phase-mismatched kink. The long impurity will suppress the strong motion in its location until it becomes a center of the kink; therefore, the long impurity can attract or pin the phase-mismatched kink. Likewise, we can explain why the short impurity repels the phase-mismatched kink.
Furthermore, we conclude that interactions between localized waves and impurities are related to the property of the impurity (p q ), the wave forms (p d p nl ), and the driving frequency (p l ). We find that the property of the interactions can be depicted by a simple variable pϭp d p nl p l p q , which is shown in the last column of Table I . If pϭϩ1 the interaction is repellent, and it will be attractive for pϭϪ1, which have been tested for all the cases listed in Table I except unstable cases E and F.
IV. INTERACTIONS BETWEEN NONLOCALIZED WAVES AND IMPURITIES
Localized waves, including breathers and phasemismatched kinks, can be formed in the driven nonlinear FK model only under suitable driving parameters. When we increase the amplitude of the driving over some critical value, the localized wave will disperse to all of the pendulums in the chain. In fact, even when subjected to a small driving, the localized waves become unstable for some cases. For example, in cases E and F, the stable motions are some nonlocalized waves, although there are breather solutions like Eq. ͑7͒ for some suitable parameters.
It is difficult to describe the interactions between impurities and a nonlocalized wave ͑pattern͒, and it is meaningless to say that an impurity attracts or repels a nonlocalized wave. Fortunately, we are able to study the effects of the impurity on the nonlocalized wave by raising or suppressing the waves.
A. Periodic waves
The nonlocalized wave disperses energy over all of the pendulums in the chain. As the driving amplitude is not too large, the nonlocalized pattern usually can keep some spatial periodicity. This pattern is called the spatially periodic wave, or periodic wave in brief. The evolution of the periodic wave is in simple-harmonic oscillation at about half of the driving frequency. For the sake of convenience of observing the influence of the impurity on the periodic wave, one should modify the driving amplitude to its critical values. For checking the ''helpful'' action of an impurity, we adjust the driving amplitude at the critical value beyond which the periodic wave will arise, while, for checking the ''harmful'' action of the impurity, we set the driving amplitude at a critical value below which the periodic wave will be annihilated.
In Fig. 5 we plot evolutions of the waves in a chain of pendulums with impurities at a slight higher driving frequency ( e Ͼ). It is easy to see that a short defective pendulum benefits forming of a strong wave ͓see Fig. 5͑a͔͒ . A long impurity plays an opposite role, that is, it suppresses the periodic wave ͓see Fig. 5͑b͔͒ . If we drive the chain at a slightly lower frequency, the result will be the reverse: the short impurity will raise a periodic wave from a stationary state, while the long impurity will annihilate a formed periodic wave to flat.
We can explain these phenomena again in the framework of our simple physical picture. At a higher driving frequency ( e Ͼ), the short defective pendulum absorbs much more energy from the driving system than other normal pendulums, and this leads to the formation of a periodic wave. In contrast, the long defective pendulum is far from the region of the resonance absorption; therefore, it will suppress the periodic wave to rest under the critical driving amplitude.
B. Spatiotemporal chaos
If we drive the FK model weakly, the waves in the chain usually possess periodicity in time. As the amplitude of the driving increases, the localized waves will disperse to all pendulums, but the evolution with time will still have a periodicity. If we further increase the driving amplitude, a spatiotemporal chaos will appear in the chain. We set the driving amplitude at some critical values between localized waves FIG. 5 . The interactions between spatially periodic waves and impurities at a higher driven frequency ͑case E in Table I͒ . ͑a͒ A short impurity at the center of the chain is helpful to form a spatially periodic wave. ͑b͒ A long impurity at the center of the chain suppresses the wave. The impurities are introduced at time ϭ0. The parameters are ␣ϭ0.45 and ␥ϭ0.5. and spatiotemporal chaos. A more interesting phenomenon arises if the impurity is introduced. We observe that a suitable impurity can switch the system from ordered to disordered, or vice versa. In Ref. 15 the authors reported that a long impurity leads spatiotemporal chaos to a solitary wave, while the short one plays an inverse role, that is, it leads the solitary wave to chaos.
We believe that the influence of the impurities on the chaos is also related to the driving frequency. To check this idea, we investigate case B again. The difference between cases A ͑Ref. 15͒ and B is only the half-driving frequency e . In case A it is slight lower than the intrinsic one of normal pendulums , but in case B it is slightly higher. When we increase the amplitude of the driving ␥ to the value of 1.103 for the damp ␣ϭ0.45, the system of a perfect chain of pendulums becomes the spatiotemporal chaos from the breather wave ͓see Fig. 6͑a͔͒ . A short defective pendulum, then, is introduced. Contrary to results reported in Refs. 14 and 15, the short impurity tames the chaos and synchronizes it to the breather wave ͓see Fig. 6͑b͔͒ .
This result further shows that a short impurity at a higher driving frequency plays the same role as a long impurity at a lower driving frequency. Of course, the observation can also be explained in our physical picture if we consider the flux of the energy.
V. SUMMARY
We have systematically investigated the interaction between impurities and nonlinear waves in a nonlinearly coupled chain consisting of 2Nϩ1 pendulums, subjected to parametric vibration. Numerical calculations have shown that the impurities can attract or repel solitons, excite or suppress spatially periodic waves, and control the system to ordered patterns from spatiotemporal chaos. The effects of impurities on waves depend on the impurities, the wave forms, and the driving frequency. The actions of long and short impurities are symmetric. A short defective pendulum at a higher driving frequency plays the some role as a long defective pendulum at a low driving frequency. For breathers at relatively high driving frequencies, the short impurity helps to form a strong motion around itself so that it attracts the breather. The same phenomenon may be induced by a long impurity if the driving frequency is lower than the double intrinsic one. 15 Contrary to the case of a breather, a beneficial impurity becomes a suppressor of the waves when we change a breather to a phase-mismatched kink, and vice versa. This is due to the topological difference between the breather and the phase-mismatched kink. For a breather, the strongest motion is at its center, while for a phasemismatched kink its center stays stationary. Furthermore, both long and short impurities can induce or suppress spatially periodic waves, which shows that they can enhance or decrease the stability of a chain of pendulums. Their actions on nonlocalized waves are equivalent and are also related to the driving frequency. A short defective pendulum is also able to tame a spatiotemporal chaos at a higher driving frequency, as a long defective pendulum does at a lower frequency. 14, 15 Again, this result reveals a symmetry and an equality between long and short impurities.
